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Abstract

In this article, the author sets up the abundant traveling wave solutions for time fractional Benjamin—Ono equation

which was introduced to describe internal waves in stratified fluids by using Jacobi elliptic function expansion

method. The traveling wave solutions are expressed in terms of the hyperbolic functions, the trigonometric functions
and the rational functions. It can be seen that the obtained results are found to be important for the statement of some

physical demonstrations of problems in mathematical physics and ocean engineering. In ocean engineering

Benjamin—Ono equations are generally used in computer simulation for the water waves in deep water and open seas.
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1 Introduction

The story of fractional calculus is as old and deeply
routed as traditional calculus. Towards the end of the 17th
century, it has come to exist with the letters between L’Hos-
pital and Leibnitz. Then with the studies of the known math-
ematicians such as Laplace, Abel, Fourier, Liouville,
Riemann, Griinwald and Letnikov, the basics of fractional
calculus was developed. Actually fractional calculus can be
considered as the generalized version of the known calculus.
In fractional calculus the derivative and integral are de-
scribed with arbitrary order. This description allows us to
model the complex and nonlinear physical and engineering
phenomena in the nature. So the obtained models can be
well understood. To establish the mathematical models of
the physical or engineering event scientists used different
definitions of fractional derivative and integral such as Cap-
uto derivative (Miller and Ross, 1993; Kilbas et al., 2006),
Riemann—Liouville derivative (Podlubny, 1999), Kolwank-
ar—Gangal (K—G) derivative (Kolwankar and Gangal,
1998), Chen’s fractal derivative (Sun and Chen, 2009),
Cresson’s derivative (Cresson, 2003) and Jumarie’s modi-
fied Riemann—Liouville derivative (Jumarie, 2009). Both of
these definitions are used for various applications in differ-
ent areas of science, for instance ocean modeling, plasma
physics turbulence, stochastic dynamical system, image pro-
cessing, fluid dynamics and astrophysics (Tasbozan et al.,
2018; Cenesiz et al., 2017; Tasbozan et al., 2017; Kurt et al.,
2017). Each derivative definition removes a deficiency of
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the other one or become the same of the other one under
special conditions. For example Riemann—Lioville fraction-
al derivative turns into Grunwald—Letnikov under some spe-
cial conditions. Riemann—Liouville derivative uses bound-
ary/initial conditions which are stated in Riemann—Li-
ouville sense. But Caputo derivative uses boundary/initial
conditions with integer order derivative. Also, The
Riemann—Liouville derivative does not satisfy D% = 0 (Cap-
uto derivative satisfies) where a is a constant if a is not a
natural number. Riemann—Liouville and Caputo derivatives
do not satisfy D*Df = D**# in general. Moreover, neither
Riemann—Lioville nor Caputo definitions satisfy chain rule,
Leibniz formula, known formula for the derivative of the
product of two functions, known formula for the derivative
of the quotient of two functions and etc. as Khalil et al.
(2014) claimed. Because of these deficiencies scientists de-
cided to offer a new definition which overcomes the above
mentioned situations. Khalil et al. (2014) stated a well be-
haved, applicable, understandable and efficient definition of
fractional derivative and integral called conformable frac-
tional derivative and integral.

Definition 1.1 Let f: [0,00) —» R be a function. Con-
formable fractional derivative of f is defined by

o faet™ - f(@)
T(H)@) = lm% —

for all t>0, a € (0, 1). If f is a-differentiable in some
(0, a), a>0 and liI(I)l F@(r) exists then define f@(0) =
—0*
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tli%l F D).

The conformable fractional integral of a function f start-
ing from a > 0 is expressed as:

t
10 = [ T

a
where the integral is the usual Riemann improper integral
and o € (0, 1].

The following theorem points out some properties which
are satisfied by the conformable fractional derivative (Khalil
etal., 2014).

Theorem 1.2 Let a € (0, 1] and suppose f,g are a-dif-
ferentiable at point 7 > 0.

Then

1. Ty(cf +dg) = cTy(f) +cTy(g) for all a,b e R.

2. T,(tP) = ptP~* for all p e R.

3. T,(4) = 0 for all constant functions f(r) = /.

4.To(f8) = fTa(8) +8Ta(f).

57 (J_”) _ 8Tu) ~STulg)

Ty = .

g g
6. If, in addition to f differentiable, then T,(f)(¢) =
tl—a%
dr’

This newly defined calculus has attracted a large num-
ber of scientists’ interest. They used this derivative to make
mathematical models of many physical, biological, engin-
eering events. For example, Eslami and Rezazadeh (2018)
used the multi-step conformable fractional differential trans-
form method (MSCDTM) to give approximate solutions of
the conformable fractional-order differential systems. Ku-
mar et al. (2018) applied modified Kudryashov method to
get the exact solutions of the fractional generalized reaction
duffing (RD) model equation, the fractional biological pop-
ulation model and the fractional diffusion reaction (DR)
equation. Kumar and Kaplan (2018) employed two efficient
analytical techniques for obtaining the analytical solutions
of conformable time fractional Zoomeron equation. Hos-
seini et al. (2018) studied the conformable time-fractional
Klein—Gordon equations with quadratic and cubic nonlin-
earities and extracted several exact soliton solutions, includ-
ing the bright (non-topological) and singular soliton solu-
tions by making use of the ansatz method. Martinez et al.
(2018) used conformable fractional derivative and obtained
a new class of linear ordinary differential equations with
non-integer power variable coefficients for the Resistance
Capacitance (RC), Inductance Capacitance (LC), and Res-
istance, Inductance Capacitance (RLC) electric circuits.
Mozaffari et al. (2018) introduced a conformable fractional
quantum mechanics which has been introduced by using
three postulates. Al-Shawba et al. (2018) used the G’ /G-ex-
pansion method to construct the closed form solutions of the
seventh order time fractional Sawada—Kotera—Ito (TFSKI)
equation based on conformable fractional derivative. Yavuz
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and Ozdemir (2018) obtained semi analytical solutions of
fractional Cauchy problem by using q-Homotopy Analysis
Method (q-HAM) featuring conformable derivative.

To obtain better review insight for this subject one can
casily see the references expressed below. Kurt (2019) ob-
tained the exact solutions of fractional modified
Camassa—Holm equation which is completely integrable
dispersive shallow-water equation with the aid of Jacobi el-
liptic expansion method. Yaslan (2018) expressed the new
analytic solutions of the space-time fractional Broer—Kaup
and approximate long water wave equations. Mousa (2018)
simulated a nonlinear shallow-water model of tsunami wave
propagation numerically simulated using the method of
lines. Kurt et al. (2019) employed sub equation method and
residual power series method to obtain the wave solutions of
generalized Hirota-Satsuma coupled KdV system arising in
interaction of long waves. Gao (2015) studied a generalized
(3+1)-dimensional variable-coefficient BKP equation for
the nonlinear waves in fluid mechanics and acquired the ex-
act results for this equation.

The rest of article is organized as follows. In Section 2
we give some information about the considered model, in
Section 3 description of the method is expressed. In Section
4 application of the method is stated. In Section 5 graphical
illustrations of some wave solutions are given.

2 Model under investigation

Benjamin—Ono (BO) equation (Benjamin, 1967) which
looks likes KDV equation was expressed to explain internal
waves in stratified fluids. It has also been used to model sur-
face wave propagation on a thin layered structure (Ewen et
al., 1980), using a surface acoustic wave delay line to
launch the waves. In this study, we consider the conform-
able time fractional BO equation

D> u+ AD2(u?) +yDu = 0, (1)
where y and § are nonzero constants and Dﬁza) means two
times conformable fractional derivative of function u(x,?)
with respect to variable 7. By means of Jacobi elliptic func-
tion expansion method, the exact solutions of the BO equa-

tion which is one of the important nonlinear models in phys-
ics were obtained.

3 Brief description of the Jacobi elliptic function expan-

sion method

Now let us identify the basics of Jacobi elliptic function
expansion method step by step.

Step 1:

Conceive the following nonlinear conformable time
fractional equation,

u ou 6u u

S A A~ A 9 :O'
b o ax e o2

2

Using the wave transformation where w is the arbitrary
constants to be determined later,
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A3)
to Eq. (2) then employing the chain rule (Abdeljawad, 2015)
') _ d() a() _ d() o() _ d()
- =m—, == =n—0, — =S——

t(X
u=u(l®),f=x+w—
a

= , , = Yoo 4

ot dé’ ox dé’ oy dé @
yields an ordinary differential equation (ODE)

O(u,u’ ,u” ,u'”,..), Q)

where prime indicates the integer order derivative with re-
spect to variable &.

Step 2:

In Jacobi elliptic function expansion method u(¢) can be
considered as a finite series

k
w@ = aF, (6)
i=0

595

where F(¢) is the solution of the following nonlinear ordin-
ary equation

(F)*(&) = PFY(O)+QF*(O)+R. @)

In this differential equation, F’ =dF/d¢, &= &(x,t,y),
and P, Q,and R are constants chosen from Table 1. Eq. (7)
has the following solutions shown in Table 1 where i2 = —1.
The denoted functions in Table 1 are called the Jacobian el-
liptic functions sn¢ = sn(&;r), ené = cn(&;r) and dné = dn
(& r) where r(0 < r < 1) is the modulus of the elliptic func-
tion, which are double periodic and satisfy the following
properties.

sn2§+ cnzf =1;
dn’¢ + rPsn’é = 1;

d%snf = cnédné;

Table 1 Solutions of Eq. (7) for the chosen values of Q and g (Lai et al., 2009; Li, 2005)

P (0] R F
1 ”2 —(1+?) 1 sn,cd
2 —r2 27 -1 1-r2 cn
3 -1 2-72 | dn
4 1 -(1+77) I ns,dc
5 1-72 2r2 -1 - ne
6 -1 242 -1 nd
7 22 1 sc
8 2(1-r%) 22 -1 1 sd
9 1 22 1-2 cs
10 1 22 -1 -2(1-1%) ds
2
1 1 2+l (1—r2) o
I 5 2 r(cnFdn)
1 -2 +1 1
12 - it -
I ) 1 ns¥cs
13 1-r2 241 1-72 o
7 ) 7 ns Fsc
1 -2 r
14 - — ¥
7 3 7 ns Fds
15 ﬂ r-2 é snFicn __dn
4 2 4 " VI—/ZsnFen
1 1-212 1 sn
16 - 2 .
7 ) ] ren¥idn, T#en
17 72 r2-2 l sn
4 2 1¥dn
18 -1 2 +1 rr-1 dn
4 2 4 1¥rsn
1-r2 2+l 241 cn
19 4 2 4 1¥sn
2
20 (-r) Pl 1 sn
4 2 4 dnFcn
21 ﬁ -2 1 cn
4 2 4 V1-r2Fdn
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d
d—écnf = —sné&dnd;

d
d_fdnf = —rzcnfsnf.
The main idea in this method is to use the occasion of
the solutions of the auxiliary ordinary differential Eq. (7) to

Orkun TASBOZAN China Ocean Eng., 2019, Vol. 33, No. 5, P. 593-600

construct abundant families of Jacobian elliptic solutions.
Since r — 0 and r — 1, Jacobi elliptic functions trans-
form to trigonometric and hyperbolic functions as shown in
Table 2, and thus we acquire the trigonometric function
solutions and solitonic solutions of the considered equation.

Table 2 Jacobi elliptic functions for r — 0 and » — 1 (Lai et al., 2009; Li, 2005).

r—0 r— 1 r—0 ro1
1 snu sinu tanhu 7 deu secu 1
2 cnu cosu sechu 8 ncu secu coshu
3 dnu 1 sechu 9 scu tanu sinhu
4 cdu cosu 1 10 nsu cscu cothu
5 sdu sinu sinhu 11 dsu cscu cschu
6 ndu 1 coshu 12 csu cotu cschu

Step 3: Differentiating Eq. (11) twice leads to

For the solution the constants k,a;(i =0,1,2,...,k) are
going to be identified too. For this purpose, we can use bal-
ancing procedure. This procedure depends on balancing the
highest order linear term

0(%)=k+p, p=0,1,2,... ®)
and the highest order nonlinear term
O(Lﬂdp—u)z(q+1)k+p, p.q=0,1,..., ©)]
de?

in Eq. (5). So the integer £ in Eq. (6) can be determined,
substituting Eq. (6) and setting all the coefficients of powers
F to be zero, and then a system of nonlinear algebraic equa-
tions for q;(i =0,1,2,...,n) is derived. After solving this
system with the aid of a computer software and using all the
values for P, O, and R in Eq. (7) in Table 1 we can obtain
the values for a;(i=0,1,2,...,n) and w.

Step 4:

Finally, we can combine the values with Eq. (6) and the
auxiliary equation we choose, and obtain exact solutions for

Eq. (2).

4 Formation of the solutions of time fractional Ben-
jamin—Ono equation
Supposing the time fractional Benjamin—Ono equation
(1) where a € (0,1) and y,$ are constants and fractional de-
rivatives are in conformable sense. Employing the wave
transformation Eq. (3) to Eq. (1) and then integrating twice
leads to

w2 u+pu +yu’’ =0, (10)
where prime indicates the derivative of function u(¢) with
regard to &. Using the balancing procedure between the
highest order linear term and highest order nonlinear term
we acquire k =2. Hence the solution of Eq. (10) can be

stated as:

w(& = ap+ a1 F(O) +ar F2 (). (11)

uzz = aF"(+2a {[F'(OF + FOF" () (12)
then by Eq. (7)
F"” =2PF3 + QF. (13)
Placing Eqgs. (13) and (7) into Eq. (12) leads to
ugz =ay (2PF? + QF ) + 24, (PF* + QF +R) +
2a,F (2PF? + QF). (14)

Subrogating Eq. (11) and Eq. (14) in Eq. (10) and re-
garding each coefficient of F to be zero, leads to the follow-
ing equation system

ao (ao,b’ + wz) +2ayR = 0;

a (2a0ﬁ+ 70+ wz) =0;

as (2a0ﬁ+ 490+ w2) + a%ﬁ =0;
2ai(af+yP) =0;
ar(ayf+6yP) = 0.

Solving the above system with the help of mathematics,
we obtain the following solution set

2 [ﬂy(—Q) — BP0 - 3ﬁ2y2PR]

ap = 7 ;
al =0;
__oP
az =— 7,
2B (Q*-3PR)
w=+ .

VB

Finally combining the values with Eq. (11), we can ob-
tain exact solutions of Eq. (1) by choosing the suitable val-
ues from Table 1 and Table 2 as follows.

When P=r2, Q=—(1+r%), R=1 are chosen, F =sn
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from Table 1 and since r — 1 from Table 2, solution can be o /),2 20
written as: > 6ycsch? | x— NPT
21=\B =By a~p
42 2.a
5 2\ Byt ug(x,1) = -
[, Oytanh®|x— ———— s B
2\ N «\p 1 2241 1
u(x,1) = 7 - 7 . is obtained. As P = Z.’ 0= 5 R= 1 a.nd F =ns +cs
Setting P=—12, 0=22—1, R= 1 - 2, from Table 1 from Table 1, the solution can be evaluated while r — 0
F = cn, due to this settings and when r — 1, the solution can ( / ﬂ2 ﬁV)
be obtained as: Uo.10(x,1) = 7 _
2 \ 2
6ysech?| x — ———— B2 1" B2t
2(— B —ﬂ}’) a~p 3y[cot]| x— +csc|x—
up(x,1) = 7 + 7 ) ap ayp
2p
Supposing P=1, 0 =—(1+72),R=7r?, from Table 1 | 9241 |
since r — 0, the wave solution can be obtained If we choose P, O, R as P=— Q = 5 ,R= e
5! 2,200 from Table 1 F is obtained as F —ns+cs in this way the
2 6ycsc2 X—— solution can be expressed as when r — 1
2(ﬂy— \/ﬂy) a~p g1
uz(x,1) = > - 7 . 2(7 By )
p un,]z(x,f)=—2—
For the same assumptions of P, O, R and since r — 1, B 5
the solution can be written o 4 52921 ) 4 B2y
y|coth| x — +csch|x—
|2 aB ap
6ycoth” | x — —
2 (Zﬁy - \//327’2) ap 28
ug(x,1) = - : 1-72 +1 1-72
Vs B Set P= , 0= r ,R= 4r , from Table 1
Again the same choices for r — 0, solution can be de-

F =nc¥sc, due to this settlngs while  — 1, the solution can
clared as follows:

be expressed as:

2 /ﬁz ﬂy
[ 6ysec? | x — ———
2|By—~By 0[\/3 u13’14(x,t) = ﬁz -
MS(x»t) = - .
:Bz B 4102 2 a 402 20 ?
Byt Byt
While P=1-1r2, 0= 2—r2, R =2, it can be deducted 3y|sec| x— +tan|x—
from Table 1 F = sc, then the solution can be evaluated a ‘/B a ‘/E
when r — 0 2
2\ B i r rr-2

Assign P = T Q=——, R=—, from Table 1 this

o N
2(— \//32?2—213?) oran| « ap

assignment corresponds to F =sn=icn, so the solution can be
us(x,1) = 72 - 7 - found as r — 1 -
Also assigning P=1,0=2-r*,R=1-r> and F =cs 2(%} By )
from Table 1, the solution is found as if » — 0 uis,16(x,1) = 72 -
402 9 a 2
2 t 4 4
> 6ycot? x——ﬂ ’ 3ol tanh VP n ek
27— ) ) y|tanh| x — +isech|x— ——
( BV =28y a~B ap aF
u7(x,t) = 5 — .
p I 28
Furthermore, if » — 1 for the same choices, the wave 1 1=242 1
solution With P—Z ,0= 7 :4_1 from Table 1 this
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choice follows F =

sn
so that the solution can be con-
1+cn “ , A2
structed as for r —» 0 3ycos* [ x— ———
avp

2(—;1 B - %) a

(x,1) i
u17,18(X,1) = > - 2B 1 £sin| x — ———
B a/p
NT2Er 1-r2)° 241 1
3ysin2 o R WhenP,Q,Raresetast( 4r) ,Q:r2 ,R:Z,
P sn

F is going to be as F =

from Table 1, so the solu-

2" Fcn
\4/ B2 tion can be obtained as for r — 0
2f|1 +cos|x—
1] By
a\//_)’ 2(_Z ,[)’Zyz—?)
2 2 u3 24(x,1) = -
-2 1 ’ 2
Suppose P = rz, 0= rT R= 7. from Table 1 this B
N
. sn . . - Navats
choices correspond to F = ——, so if r — 1 solution can 3ysin” | x — ————
1+dn a \/ﬁ
be stated as: 5
4 p2.0.a
B
2(&_1 ﬁZyZ) 2p|1 £cos|x— ———
2 4 ap
u19,20(x, 1) =————>—-
,82
2 5 Wave behaviors and graphical simulations of solutions
3ytanh? | x— Vﬂ 7L In this part we give the 3D and 2D illustrations of some
4 a \/ﬁ trigonometric function solutions and solitonic solutions of
5. the considered equation, in Fig. 1 the soliton solution for
af 8221 u(x,t) respectively in 3D and 2D. Also graphical illustra-
2|1 +sech| x— —— tions of the travelling wave solution for u;(x,7) are given in
a \/B Fig. 2. In Fig. 3 and Fig. 4, the graphical simulations of the
periodic wave solutions for u3(x,f) and u3(x,f) are given
. 1-72 2+1 1-r2 . el
While P = 1 ,0= 5 ,R = T it can be de- respectively.

ducted from Table 1 F = li—n, then the solution can be & Conclusion
Tsn

In this article, Jacobi elliptic function expansion method

evaluated while r — 0 is employed to construct the wave solutions of time frac-

1 y, tional Benjamin—Ono equation which corresponds to the
2(—4—1 N 2 — g) solitary internal waves in deep water. The results show that
Uz 22(%,1) = [32 - Jacobi elliptic function expansion method is efficient, reli-

able, applicable and used as clear, simple algorithm in pro-

N
=

Fig. 1. 3D and 2D graphics of the solitary wave solution u#1(x,#) for =1, y = 0.2.
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Fig. 4. 3D and 2D graphical simulations of the wave solution u33(x, ) for £ =0.1, y =0.1.

gramming. At the same time some 2D and 3D graphical il-
lustrations of some solutions are given. Clearly it is under-
stood that Jacobi elliptic expansion method is a good tool to
obtain the exact solutions of fractional partial differential
equations where the derivatives are in conformable sense.
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