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Some complex quaternionic equations in the type AX — XB = C are investigated. For convenience, these equations were called
generalized Sylvester-quaternion equations, which include the Sylvester equation as special cases. By the real matrix representations
of complex quaternions, the necessary and sufficient conditions for the solvability and the general expressions of the solutions are

obtained.

1. Introduction

Mathematics, as with most subjects in science and engi-
neering, has a long and varied history. In this connec-
tion one highly significant development which occurred
during the nineteenth century was the quaternions, which
are the elements of noncommutative algebra. Quaternions
have many important applications in many applied fields,
such as computer science, quantum physics, statistic, signal,
and color image processing, in rigid mechanics, quantum
mechanics, control theory, and field theory; see, for example,
[1].

In recent years, quaternionic equations have been investi-
gated by many authors. For example, the author of the paper
[2] classified solutions of the quaternionic equation ax +xb =
c. In [3], the linear equations of the forms ax = xb and
ax = xb in the real Cayley-Dickson algebras (quaternions,
octonions, and sedenions) are solved and the form for the
roots of such equations is established. In [4], the solutions
of the equations of the forms ax = xb and ax = Xxb
for some generalizations of quaternions and octonions are
investigated. In [5], the axf3 + yx0 = p linear quaternionic
equation with one unknown, axf3 + yx§ = p, is solved. In
(6], Bolat and Ipek first defined the quaternion intervals set
and the quaternion interval numbers, second, they presented
the vector and matrix representations for quaternion interval

numbers and then investigated some algebraic properties of
these representations, and finally they computed the deter-
minant, norm, inverse, trace, eigenvalues, and eigenvectors
of the matrix representation established for a quaternion
interval number. In [7], the quaternionic equation ax +
xb = c is studied. In [8], Bolat and Ipek first considered the
linear octonionic equation with one unknown of the form
a(xa) = (ax)a = axa = p, with 0#a € O; second, they
presented a method which allows to reduce any octonionic
equation with the left and right coefficients to a real system
of eight equations and finally reached the solutions of this
linear octonionic equation from this real system. In [9], Flaut
and Shpakivskyi investigated the left and right real matrix
representations for the complex quaternions. The theory
of the quaternion equations and matrix representations of
quaternions is considered completely in [2-14].

In this paper, we aim to obtain the solutions of some linear
equations with two terms and one unknown by the method
of matrix representations of complex quaternions over the
complex quaternion field and to investigate the solutions of
some complex quaternionic linear equations.

The paper is organized as follows. In Section 2, we start
with some basic concepts and results from the theory of the
quaternion equations and matrix representations of quater-
nions which are necessary for the following. In Section 3, we
obtain the solutions of some linear equations with two terms



and one unknown by the method of matrix representations
of complex quaternions over the complex quaternion field.
We finish the paper with some conclusions about the study
presented.

2. Preliminaries

The following notations, definitions, propositions, lemmas,
and theorems will be used to develop the proposed work.
We now start the definitions of the quaternion and complex
quaternion and their basic properties that will be used in the
sequel.

It is well known that a complex number is a number
consisting of a real and imaginary part. It can be written in
the form a+bi, where i is the imaginary unit with the defining
property i* = —1. The set of all complex numbers is usually
denoted by C. From here, it can be easily said that the set of
complex numbers is an extension of the set of real numbers,
usually denoted by R. That is, R ¢ C.

In the literature, firstly, the set of quaternions introduced
as

Hp={a=ay+aji+taj+ak:a, € R,s=0,1,2,3}, (1)
with

ij = k = —ji,
ki = j = -ik,

)
ijk = -1,

by Irish mathematician Sir William Rowan Hamilton in 1843,
is a generalized set of complex numbers. Hy is an algebra
over the field R, and this algebra is called the real quaternion
algebra and the set {1,1, j, k} is a basis in Hy. The elements in
Hp, take the form a = g, +a,i+a, j+ask, where ay, a,, a,,a; €
R, which can simply be written as a = Rea + Ima, where
Rea = gy and Ima = a,i + a,j + a;k. The conjugate of a is
definedasa = Rea—-Ima = a;—a,i—a, j—a;k, which satisfies
d=aa+b=a+bab="baforalab e Hy. The norm of a
is defined to be |a| = Vaa =
operation properties on quaternions are listed below:

2. 2. 2, 2 :
ag +aj + a; + a;. Some simple

a2—2(Rea)a+|a|2:0,
(Im a)2 = -Ima’,
ab| = lal b,
jabl = |al |b &)
1 a
a =—

| |2, a is a nonzero quaternion,
a

Re (ab) = Re (ba) .
Theorem 1 (see [10, 15]). Let a,b € Hy be quaternions. Then

a and b are similar if and only if a, = by and a; + a; + a; =
b} + b + b2, that is, Re(a) = Re(b) and | Im a|* = | Im b|’.
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A complex quaternion is an element of the form Q =
Gep + e + e, + ey, whereg, € Com € {0, 1,2, 3},
2

e,=-1, ne{l,23},
€nbn = €€y = ﬁmnet’ (4)
Bom € {-L 1}, m#n, m,ne{l,23};

Bmn and e, being uniquely determined by e,, and e,. We
denote by H the set of the complex quaternions and H is an
algebra over the field C and this algebra is called the complex
quaternion algebra. The set {1, e, e,, e;} is a basis in H..

The element Q = e, + ce; + e, + Ges € He, ¢, €
C, m € {0, 1,2, 3}, can be written as

Q= (ag+iby) + (a; +ib) e,
+(ay +ib)) e, + (a5 +ib;) €5,

(5)

where a,,,b,, € R, m € {0,1,2,3}, and i* = —1. Therefore, we
can write a complex quaternion as the form Q = a +ib, where
a=ay+ae +ae +ae;andb = by + be, +be, + bie,
are in Hy. The conjugate of the complex quaternion Q is the
element Q = g, — cj€; — €, — G3€5, and it satisfies
Q=a+ib. (6)
Throughout this note, the algebra Hy is denoted by H. For
the quaternion a,b € H, if a” is defined as
a’ =ay+ae, - aye; — azes, )
then it satisfies the following properties:
(@) =a, (a+b)" =a" +b". (8)
For the quaternion algebra, H, the map
Gy —a; —dp —43
A(a)= a ay —a3 @ ,

a4 4z 4y —a
a; —a, a; 4y

A:H— M, (R),

€

where a = aye; + a,e; + aye, + aze; € H, is an isomorphism
between H and the algebra of the matrices:

Gp —Gy —Gp —45
a dy 4z 4
a, a; a; —a;
az; —a, ad; 4

M, (R) = g, 4y, 0,03 € R

(10)

We remark that the matrix A(a) € M,(R) has as columns
the coefhicients in R of the basis {1, e;, e,, e5} for the elements
{a,ae,, ae,,ae;}. The matrix A(a) is called the left matrix
representation of the element a € H.

Analogously with the left matrix representation, we have
for the element a € H the right matrix representation:

a, —a, —a, —a,
a a, —a
p(a) = 1 4 & 2,

a, —az dy —ad;
a; a, —a; 4y

p:H_)M4(IR)’

(1)

where a = ayey + a,e; + aye, + aze; € H.
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We remark that the matrix p(a) € M,(R) has as columns
the coefficients in R of the basis {1, e;, e,, e;} for the elements
{a,e,a, e,a, e;a}.

Proposition 2 (see [12]). Forx, y € Hand r € R, one has
1) Alx + y) = Ax) + Ay), Mxy) = Mx)A(y), Mrx) =
rA(x), A(1) = I,
(ii) p(x + y) = p(x) + p(y), p(xy) = p(y)p(x), p(rx) =
rp(x), p(1) = I,
(i) Mx7) = (M) p(x™") = (p(x)7", where x™" is
the inverse of x nonzero quaternion.

Proposition 3 (see [12]). For x € H, let X = (ao,al,az,a3)t €
M, ,,(R) be the vector representation of the element x. There-
fore for all a, b, x € H the following relations are fulfilled:
(i) ax = Ma)%,
(if) b = p(b)%,
-
(iii) axb = Ma)p(b)X = p(b)A(a)X,
(iv) p(b)A(a) = Ma)p(b),

(v) det(AM(x)) = det(p(x)) = (n(x))?, where n(x) = ag +
a} +a; + a; and it is the weak norm of x.

For details about the matrix representations of the real
quaternions, the reader is referred to [12].
The matrix

_(Ma) A (b")
r@=(36) 16 2

where Q = a + ib is a complex quaternion, with a = aye, +
ae; + aye, + aze; € H, b = bye, + bye, + bye, + bye; € H, and
i2 = —1, is called the left real matrix representation for the
complex quaternion Q. The right real matrix representation
for the complex quaternion Q is the matrix:

_(p@ -p®)
°o@=(J6) ") "
We remark that I'(Q), ©(Q) € Mg(R); see [9].

Proposition 4 (see [9]). Let a,x € H be two quaternions;
then, the following relations are true.
(i) a*i = ia, where i* = 1.
(i) ai = ia*, where i* = —1.
(iii) —a* = iai, where i* = —1.
(iv) (xa)* = x"a”".

(v) For X,AeHg, X =x+iy,A=a+ib,

XA=xa-y'b+i(x"b+ ya). (14)

Proposition 5 (see [9]). Let X, A € He, X = x+iy, A = a+ib
be given. Then

['(XA) =T (X)T(A). (15)

Proposition 6 (see [9]). Let X, A € H¢, X = x+iy, A = a+ib
be given. Then
0 (XA)=0(4)0(X). (16)
Definition 7 (see [9]). Let X € H¢, X = x +iy be given. Then
X=(%7) € Mg R) (17)

is the vector representation of the element X, where x, y €¢ H

S N t
and ¥ = (x, X1, %5, %3)" € My (R).J = (3o, y1, 920 95)" €
M, (R) are the vector representations of the quaternions x
and y.

Proposition 8 (see [9]). Let X, A,B € Hp, X = x+iy, x,y €
H be given. Then

(i) X = T(X) (1)), where1 = I, € My(R) is the identity
matrix and 0 = O, € M,(R) is the zero matrix;
(i) AX = T(A)X;
. 100 0
(iii) ay* = ¥, wherea = <8(1,_01 i ) e M,(R);
000 -1
(iv) o = I;
() XA =(42)0W) (32) X
(vi) [(A) (52) ©B) (5.2) = (62) OB) (5 ) T(A);
(vii) AXB = T(A)¥(B)X, where ¥(B) = (3 2)©(B) (}2).

3. Main Results

In this section, the complex quaternionic equations in the
type
AX-XB=C (18)

are considered. Using the representation matrices I'(-) and
O(-) of complex quaternions, the necessary and sufficient
conditions for the solvability and the general expression of
the solutions are obtained.

According to (ii) and (v) cases in Proposition 8, (18) is
equivalent to

[[(A)-¥(B)]X=C, (19)

where ¥(B) = ({2)O(B)(}9), which is a simple system
of linear equations over R. In order to symbolically solve it,
we need to examine some operation properties on the matrix

I'(A) - ¥Y(B).

Lemma9. Let A = a+ib, B = c +id € Hg be given, and
denote 6(A, B) = T'(A) — ¥(B). Then
(i) the determinant of 8(A, B) is

|6 (A, B)|
= ([ + (1m Al - [1m B)*] [* + (1tm A] + [im BJ)?])’

= (s*+ 25 (1Im AP + Im B) + (Im AP - |ImB|2)2)2,
(20)

wheres = Ay — B,.



(ii) if Ay # By, or | Im A| # | Im B|, then 8(A, B) is nonsin-
gular and its inverse can be expressed as

8" (A,B)=T"" (B> - |A +2 (A, - By) A)
(21)
x (T'(A) - ¥ (B));

or
8" (A,B) =¥ (|A” - |BI* +2(B, - A,) B)

_ 22)
x (I (A)-¥(B));

(iii) if Ay = By and |Im A| = |ImB|, then §(A,B) is
singular and has a generalized inverse as follows:

1

8 (A,B) = -
(4.5) 4|Im A)?

8 (A, B)
(23)

1
= - I'(ImA)- V¥ (ImB)].
4|ImA|2[(m) (Im B)]

Proof. It is a known result that, for all A, B € Hg, there are
nonzero P,Q € H¢ such that

A=P(A,+|ImAli) P = PAP™,
o (24)
B=Q(By +[ImB|i)Q" =QBQ ",

where A = A, +|Im Aliand B = B, + | Im Bli. Now applying
Propositions 5, 6, and 8 to both of them we obtain

T(A)=T(P)T(A)T(P),
¥Y(B)=¥(Q")¥(B)¥(Q.

Thus we can derive

16(A,B)| = [I'(A) - ¥ (B)|

r@)r(A)r(pt)-v(Q"')¥(B)¥ Q)|

Ir(P)||r(A)-T(P")¥
x (Q)¥(B) ¥ (QT(P)
<Ir()
r(@-v(@")¥ (B
¥ ()| [¥ @ (A)¥(Q") - ¥ (B)|1¥ Q)

(A)-¥(B)]

(26)

Consequently, substituting A = A, + |Im Ali and B = By +
| Im Bli into it, the proof of ith case in Lemma 9 is completed.
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The results in Lemma 9 (ii) come from the following two
equalities:

[T (a)-¥(B)] [r(A)-¥(B)
=T (A%) +|BI’ Iy — 2B,I' (A)

=T(A*-2B,A+|B]*),
(27)
[r(A)-¥(®B)][(A)-¥(B)]

=¥ (B*) +|Al'I; - 24,¥ (B)

=¥ (B +|A]” - 24,B).
Finally, under the conditions that A, = B, and |Im A| =
| Im B, it is easily seen that
0(A,B)=T(A)-¥YB)=T(ImA)-¥Y(ImB). (28)
From it and a simple fact that (Im A)* = (ImB)* = -|Im A%,
we can easily deduce the following equality: 8°(A,B) =

—4|Im AJ]*8(A, B). So, the proof of iiith case in Lemma 9 is
completed. O

Based on Lemma 9, we have the following several results.

Theorem 10. Let A = a +ib € H¢ be given and A ¢ R. Then
the general solution of the equation

AX = XA (29)
is
1
X=P- ImA)P(ImA), 30
|ImA|2( )P ( ) (30)

where P € Hg is arbitrary.
Proof. According to (ii) and (v) cases in Proposition 8, (29) is
equivalent to

[T (A) - ¥ (A)] X =6(4,A4)X =0, (31)

and since |6(A, A)| = 0, (31) has a nonzero solution. In that
case, the general solution of (31) can be expressed as

X =2[I;-6 (A, A)8(A A)]P, (32)
where P is an arbitrary vector in He. Now substituting
0 (A, A) in Lemma 9 (iii) in it, we get

1
4|Im AJ?

1
=2 |+ ——
[8 4)Im A2

X=2[18+ 82(A,A)]f)

(33)
x (-2 [[Im API; + T (Im A) ¥ (Im A)]) ] b
1 R
= [18 - mF(ImA)‘I’(ImA)] b.

Returning it to complex quaternion form by (ii), (v), and (vii)
in Proposition 8, we have (30). O
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Theorem 11. Let A = a +ib, B = ¢ +id € H. be given. Then
(i) the linear equation
AX = XB (34)

has a nonzero solution; that is, A and B are similar, if
and only if

Re A = ReB, Im A| = Im B|; (35)

(ii) in that case, the general solution of (34) is

1
X=P- m A (ImA) P(ImB), (36)

where P € Hg is arbitrary.

Proof. According to (ii) and (v) cases in Proposition 8, (34) is
equivalent to

[T(A)-¥(B]X=5(ABX=0, (37)
and this equation has a nonzero solution if and only if
|6(A, B)| = 0, which is equivalent, by Lemma 9 (i), to (35).

In that case, the general solution of this equation can be
expressed as

X =2[I; -6 (A,B)S (A, B)] P, (38)

where P is an arbitrary vector in He. Now substituting
0 (A, A) in Lemma 9 (iii) in it, we get

X

2[I, - 8 (A, B) 6 (A, B)| P

5% (A, B)] p

(=2 [Itm AP I;+T (Im A) ¥ (Im B)])] p

1]
o

I +

[
|

2| I+

[Im AI

1 .
= [18 - |ImA|2F(ImA)\I’(ImB)] p
(39)

Returning it to complex quaternion form by (ii), (v), and (vii)
in Proposition 8, we have (36). O

Theorem 12. Let A=a+ib,B=c+id € H, a,b,c,d € H,
be given with A and B being not similar; that is, Re A#+ Re B
or | Im A | # |Im B|. Then (18) has a unique solution

X = (2(Ao - By) A— |A]” + |B?) ' (AC - CB)
(40)

- (AC-CB)(2(By - Ag) B+IAP - B)

Proof. Under the assumption of this theorem, §(A,B) =
I'(A) — ¥(B) is nonsingular by Lemma 9 (ii). Hence (19) has
a unique solution as follows:

X=6"(ABC=T"(2(4-B,) A- A’ + B]*)

¥(B))C

X=6"(ABC=T"(2(A,-By) A-|AI" +|B)

x (T (A) -
(41)

x(r(A)-¥(B)C,
and the result follows using (ii) and (v) of Proposition 8. [J

Theorem 13. Let A = a + ib € H be given. Then the general
solution of the equation

AX-XA=C (42)
is
=—— (CA-AC)+P- ——— (ImA)P(ImA),
4|ImA|2( ) |ImA|2( ) Pim4)
(43)

where P € Hg is arbitrary.
Proof. According to (ii) and (v) cases in Proposition 8, (42) is
equivalent to

[[(A)-¥(A)]X=08(AA4)X=C, (44)

and since |6(A, A)| = 0, (44) has a nonzero solution. In that
case, the general solution of (44) can be expressed as

X=6(AAC+2[I;-8 (A A)S(AA]B,  (45)

where P is an arbitrary vector in Hc. Now substituting
0 (A, A) in Lemma 9 (iii) in it, we get

X=0 (AA)C+2[I;-6 (A A)S(A A)]P

= —6(A A)C +2][],

Timar ~8 (A, A)8 (A, A)] P

- r@-v@)c

4|Im AJ?

1
Iy;- ——T'(ImA)¥(ImA) | P
8 IImAIZ( ) ¥ (Im A)

(46)

Returning it to complex quaternion form by (ii), (v), and (vii),
we have (43). O

Theorem 14. Let A=a+ib,B=c+id € H, a,b,c,d € H,
be given with A ~ B. Then (18) has a solution if and only if

AC =CB, (47)
in which case the general solution of (18) can be written as
1
X = S (CB~ AC) + P~ > (ImA) P(Im B),
4|]Im A| [Im Al

(48)

where P € Hg is arbitrary.



Proof. According to (ii) and (v) cases in Proposition 8, (18) is
equivalent to

[[(A)-¥(B)]X=6(AB)X=C. (49)
This equation is solvable if and only if
8(A,B)8 (A,B)C=C, (50)
which is equivalent to
I (ImA) ¥ (Im B) C = |Im AJ*C. (51)

Returning it to complex quaternion form by (ii) and (v) cases
in Proposition 8, we obtain

(Im A) C (Im B) = |Im A*C, (52)

which is equivalent to C(Im B) = —(Im A)C, and then (47).
In that case the general solution of (49) can be expressed as

X =86 (ABC+2[l;-0 (A,B)S(AB)]P,  (53)

where P is an arbitrary vector in He.. Returning it to complex
quaternion form, we find (48).

4. Conclusions

Starting from known results and referring to the real matrix
representations of the complex quaternions, in this paper
we have investigated solutions of some linear equations with
two terms and one unknown by the method of matrix
representations of complex quaternions over the complex
quaternion field.

The methods and results developed in this paper can
also extend to complex octonionic equations. We will present
them in another paper.
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